We consider various lattice models of polymers: lattice trees, lattice animals, and self-avoiding walks. The polymer interacts with a surface (hyperplane), receiving a unit energy reward for each site in the surface. There is an adsorption transition of the polymer at a critical value of β, the inverse temperature. We present a new proof of the result of Hammersley, Torrie, and Whittington (1982) that the transition occurs at a strictly positive value of β when the surface is impenetrable, i.e. when the polymer is restricted to a half-space. In contrast, for a penetrable surface, it is an open problem to prove that the transition occurs at β = 0 (i.e., infinite temperature). We reduce this problem to showing that the fraction of N -site polymers whose span is less than N/ log 2 N is not too small.
Introduction
We shall work in the d-dimensional hypercubic lattice L d (d ≥ 2), with sites x = (x 1 , . . . , x d ) ∈ Z d and edges connecting nearest neighbours. Let L d + be the part of L d in the half-space x 1 ≥ 0. Here is our "big picture" of adsorption for lattice polymer models. We have a surface in our space L d (in our case, the hyperplane x 1 = 0). For each N ≥ 1, we have a finite set P N of possible configurations of a polymer molecule of size N attached to a fixed site in the surface (the origin). In this paper, P N will be the set of lattice trees or lattice animals (representing branched polymers) or self-avoiding walks (representing linear polymers) with N sites (representing monomers). These are classical lattice models of polymer configurations (see for example de Gennes 1979 and Vanderzande 1998) . Each polymer ρ is rewarded according to the number σ(ρ) of sites of ρ that lie in the surface. For real β, we define the partition function Z N (β) := ρ∈PN exp(βσ(ρ)) .
(
The absolute value of β represents the inverse temperature; the sign of β tells us whether the surface is attractive or repulsive. In our cases, there exists a limiting free energy
The limit F (β) is a finite non-decreasing function of β that is automatically convex (e.g. Lemma 4.1.2 of Madras and Slade) and hence continuous.
In particular, we have lim N →∞ |P N | 1/N = exp(F (0)) (where the cardinality of a set A is denoted |A|). In our models, we also find that F (β) = F (0) for every negative β, which says that in the repulsive regime, the energy imparted by surface interaction is negligible-i.e., the polymer desorbs and most of it does not lie in the surface. We say that {β : F (β) = F (0)} is the desorbed regime, and {β : F (β) > F (0)} is the adsorbed regime. There is an adsorption transition at the critical point β c which is the right endpoint of the desorbed regime. We know that β c is finite (Hammersley, Torrie and Whittington, 1982) .
In the context of polymer modelling, the surface could either be impenetrable (e.g., the wall of a container) or penetrable (e.g., an interfacial layer between two fluids). We shall always represent the surface by the hyperplane x 1 = 0. In the impenetrable case, the polymer configurations will be restricted to the halfspace L d + . We shall write β + c and β P c to denote the adsorption critical points for the impenetrable and penetrable models respectively.
A basic qualitative question about the adsorption transition is whether β c is zero or nonzero-i.e., whether the transition occurs at infinite or at finite temperature. It turns out that when the surface is impenetrable, then β + c > 0. This had been proven by other authors , for self-avoiding walks; Janse van Rensburg and You, 1998, for lattice trees), but we present a new and shorter proof. In the case of a penetrable surface, with the polymers not restricted to a half-space, it is generally believed that β P c = 0. It is an open problem to prove this rigorously. We do not fully solve this problem, but we show that it is a rigorous consequence of a weak assertion about the diameter of polymers which seems to be beyond reasonable doubt. Specifically, let the span of the polymer ρ be the maximum value of |u 1 − v 1 | where u and v range over all sites of ρ. Let f N be the fraction of polymers in P N whose span is at most N/ log 2 N . We prove that if f N is bounded below N −δ for some fixed δ, then β c must be zero. This condition is much weaker than the standard scaling assumption about polymers, which is that the average span of members of P N scales as N ν for some ν < 1. It is worth remarking that the methods of and Janse van Rensburg and You (1998) yields an explicit positive lower bound on , thus verifying a prediction of Batchelor and Yung (1995) . This result depends on special properties of the hexagonal lattice, and seems difficult to generalize.
We note that when P N is the set of N -step nearest-neighbour random walk paths (not necessarily self-avoiding), then a relatively straightforward application of generating functions shows that β c is 0 in the penetrable case and is strictly positive (in fact equal to ln(2d/(2d − 1))) in the impenetrable case (see for example Hammersley, 1982) . The book of Giacomon (2007) deals extensively with related random walk models.
Our proofs are simplest in the case of lattice trees and lattice animals. The same methods work for self-avoiding walks, but some technical modifications are necessary.
Here is the organization of the rest of the paper. The results are stated formally in Section 2. After Section 2.1 sets up the basic framework and some terminology, Sections 2.2 and 2.3 present the results for lattice trees (and lattice animals) and for self-avoiding walks respectively. Section 3 presents the proofs for lattice trees, as well as the minor modifications needed for lattice animals. Section 4 presents the proofs for self-avoiding walks.
Results

Basic Background and Notation
We denote the standard basis of 
For a subgraph ρ of L d , let H(ρ) be the set of sites x of ρ such that x 1 = ρ. Thus, referring to Equation (1), the quantity σ(ρ) equals |H(ρ)|, the cardinality of H(ρ).
We shall frequently use superscripts + and P to denote impenetrable and penetrable surfaces respectively. Also, we shall use T , A, and W superscripts to denote trees, animals, and (self-avoiding) walks.
Branched Polymers: Trees and animals
A lattice animal is a finite connected subgraph of L d , and a lattice tree is a lattice animal with no cycles. Each corresponds to a standard discrete model of the configuration of a branched polymer. Let T N be the set of all N -site lattice trees that contain the origin. LetT N be the set of N -site lattice trees whose lexicographically smallest site is the origin. (The elements ofT N correspond to equivalence classes of all N -site lattice trees up to translation.) Then
It is well known (Klarner, 1967; Klein, 1981) that t N t M ≤ t N +M for all N, M ≥ 1, and that t 1/N N has a finite limit λ d with the property that
The notation and results for lattice animals are exactly analogous:
We now consider the ensemble of lattice trees in the half-space L d + in which each site in the boundary plane x 1 = 0 receives unit energy reward. For real β, define the partition function
As shown in Theorem 6.23 of Janse van Rensburg (2000), a concatenation argument can be used to prove that the limiting free energy
exists and is finite for every real β. It is not hard to see that the number of trees τ in T + N with |H(τ )| = 1 is exactly |T + N −1 | for every N , and hence
For β ≤ 0, we also have Z
, and combining this with Equation (6) shows that
This says that the polymer desorbs from the surface whenever β is nonpositivethat is, we have β
The following result tells us that, in fact, that the polymer desorbs whenever β ≤ λ
Theorem 2.1 For lattice trees, we have
Theorem 2.1 says that for adsorption of lattice trees to an impenetrable surface, the critical point satisfies β
d . This result is somewhat better than the bound β
d ) that follows from Theorem 4.7 of Janse van Rensburg and You (1998) (which however applies to a larger class of tree models). However, the main contribution of our Theorem 2.1 is the new method of proof, rather than the improved numerical value of the bound.
We now consider adsorption at a penetrable surface, and the relevant ensemble T N of all N -site trees that contain the origin. The corresponding partition function is Z
As in the impenetrable case, a concatenation argument (see Theorem 6.23 of Janse van Rensburg 2000) shows that the limit
exists and is finite for every real β. As was the case for F T + ,
It is not hard to show that 0 ≤ β Hammersley et al., 1982 , or Janse van Rensburg and You, 1998). However, in marked contrast to the situation for F T + , it is generally believed that F T P (β) > log λ d for every β > 0 -i.e., that β T P c = 0. Proving this is a challenging open problem. We shall show that it is a consequence of a different property that has not been proven rigorously but is widely believed to be true.
In the following, we let Pr A denote the uniform probability distribution on the set A. Define the x 1 -span of a tree τ to be the number of integers j such that τ contains a site v with v 1 = j. We write Span(τ ) to denote the x 1 -span of τ . Since trees are connected, we have
for all sufficiently large N . Then
Remark 2.3 (i)
It is generally believed that the expected value of Span(τ ) over T N scales as N ν for some (dimension-dependent) critical exponent ν < 1 (e.g. see section 9.2 of Vanderzande 1998). This would imply the truth of Equation (11); indeed, it would imply that the left-hand side of (11) converges to 1 as N tends to ∞.
(ii) It will be seen from the proof that the statement of Theorem 2.2 can be strengthened slightly, e.g. by replacing the square (of the logarithm) by a power greater than 1.
(iii) The direct analogues of Theorems 2.1 and 2.2 also hold for lattice animals (see Remarks 3.1 and 3.2). (iv) There are other ways to define the span of a tree, but the choice of method will not substantially affect the statement of the theorem. Our choice, using the x 1 coordinate, is for convenience. 
Linear polymers: Self-avoiding walks
Hammersley et al. (1982) proved the existence of the limit
for every real β. The following result is the analogue of Theorem 2.1 for SAWs, proving that β
For the case of a penetrable surface, let
Hammersley et al. (1982) proved that the limit
exists and is finite for every real β, and equals log µ d whenever β ≤ 0.
We define the x 1 -span of a SAW exactly as for trees:
We define an N -step bridge to be an N -step self-avoiding walk with the property that Theorem 2.5 Assume there exists δ ∈ (0, ∞) such that
for all sufficiently large N . Then F W P (β) > log µ d for every β > 0.
Similarly to Remark 2.3(i), it is generally believed that the left side of Equation (16) Then we can write (recalling Equation (4))
Proof of Theorem 2.1 : Fix β such that 0 < β < λ
For any j ≥ 0 and k ≥ 1, we have The right hand side of inequality (19) is the number of ways to put j identical balls into k distinct boxes. More formally, it is the number of k-tuples (w 1 , . . . , w k ) of nonnegative integers such that w 1 + · · · + w k = j.
We shall define a marked tree (with N sites) to be a tree τ in T + N that has a nonnegative integer w(τ ; v) assigned to each site v of H(τ ). (We think of w(τ ; v) as the number of "marks" on the site v of τ .) Let T
(j)
N be the set of all marked trees τ with N sites such that the total number of marks on the sites of τ is j (that is, v∈H(τ ) w(τ ; v) = j). See Figure 1 . Then
Combining Equations (18-20) shows that
Now, consider an arbitrary marked tree τ ∈ T (21) and (3) gives (see Figure 1) . Right: The tree f (τ ) in T 39 .
(the above series converge because 0 < β < λ (22) and (6) imply that F T + (β) = log λ d . This proves that Equation (7) extends to every β < λ 
Branched Polymers at a Penetrable Boundary
Proof of Theorem 2.2: A mean-field bound due to Bovier, Fröhlich, and Glaus (1986) (see Section 7.2 of Slade 2006 for a more detailed proof) says that there exists a constant A such that
In particular, the power series on the left diverges at z = 1/λ d . It follows that
for infinitely many values of n.
Let B N be the set of trees inT N whose x 1 -span is at most N/ log 2 N . Observe that the left-hand side of Equation (11) does not change if we replace Pr TN by PrT N . Thus Equation (11) says that |B N | ≥ t N /N δ . By Equation (24), we obtain
For every N > 1, let T * N := {τ ∈ T N : 0 is the lexicographically smallest site of H(τ ) } and
Consider an arbitrary τ in B N . There must be some integer j ∈ [0, (N/ log 2 N )− 1] such that τ has at least log 2 N sites x satisfying x 1 = j. Letx be the lexicographically smallest site in {x ∈ τ : x 1 = j}, and letτ be the translation of τ by the vector −x. Thenτ ∈ D N . Observe that eachτ uniquely determines τ , since B N ⊂T N and no two trees inT N can be translations of one another. Therefore
Now fix β > 0. By Equation (25), there exists an integer n for which
Fix this n for the rest of the proof. We can concatenate members of D n by translating them along vectors in the hyperplane x 1 = 0. Details are given in Section 3.3 below. For any integer k ≥ 2, we can concatenate any k members of D n in this way to produce a memberτ of T kn with H(τ ) ≥ k log 2 n. Moreover, this map (D n ) k → T kn is injective (see Section 3.3). Therefore, using Equation (26), we have
Take the (kn) th root of Equation (28) and let k → ∞. Since the limit of the left-hand side exists, we obtain
and the right hand side is strictly greater than λ d by Equation (27). This proves that F T H (β) > log λ d .
Remark 3.2
The analogue of Equation (23) for lattice animals appears in Section 1.3 of Hara and Slade (1990) . Everything else in this section extends immediately to lattice animals.
Concatenation of Lattice Branched Polymers
This section describes a concatenation procedure that preserves the number of sites in the surface x 1 = 0. We shall discuss trees, but the argument for animals is essentially the same. Let N and M be positive integers. We shall describe an operation ⊕ such that, for every pair of trees τ ∈ T * N and ψ ∈ T * M , we obtain a tree
Since ψ ∩ τ contains the origin, we see that K ≥ 0. Let v be a site in (ψ + Ku (2) )∩τ , and let b be the edge from v to v + u (2) . Observe that ψ + (K + 1)u (2) contains v + u (2) but contains no point of τ . Therefore (ψ + (K + 1)u (2) ) ∪ τ ∪ b is a tree, which we shall call θ. We define τ ⊕ ψ to be θ. We shall now check that θ has the claimed properties of ⊕.
First observe that the construction ensures that we have Property A: H(θ) is the disjoint union of and H(ψ) + (K + 1)u (2) and H(τ ).
It is clear that θ ∈ T N +M . To show that θ ∈ T * N +M , we must show that 0 is the lexicographically smallest site of H(θ). But this follows from Property A, the fact that 0 is the lexicographically smallest site of H(τ ) and of H(ψ), and our earlier observation that K ≥ 0. The relation |H(τ ⊕ ψ)| = |H(τ )| + |H(ψ)| also follows from Property A.
It remains to show that ⊕ is one-to-one, i.e. that we can recover τ and ψ knowing θ (for given N and M ). To do this, we first observe that for the edge b in our construction, the following property holds with e = b:
Property B: Deleting the edge e from θ creates two components, and the component containing the origin has exactly N sites.
In general, there may be two or more edges e of θ that satisfy Property B, so we need to decide which of them is b. Let J = max{j ∈ Z : ju (2) ∈ θ}. Since (K + 1)u (2) ∈ θ, we see that J ≥ K + 1. Thus, whatever τ and ψ are, we know that 0 ∈ τ and Ju (2) ∈ τ (by the definition of K and the fact that Ju (2) ∈ ψ + Ju (2) ). Therefore the edge b belongs to π, where π is any path in θ from 0 to Ju (2) . (When θ is a tree, there is only one such path.) Furthermore, it is not hard to see that at most one edge of π can satisfy Property B. Therefore the edge b is determined from θ, and hence τ and ψ are determined. This proves that ⊕ is one-to-one. Then |H(ω)| ≤ 2 |HH(ω)| for every ω ∈ S + N , and hence for every β ≥ 0 we have
We define a marked walk (with N sites) to be a SAW ω in S + N that has a nonnegative integer m(ω; b) assigned to each edge b of HH(ω). Let S (j) N be the set of all marked walks ω with N sites such that b∈HH(ω) m(ω; b) = j. Then the same argument as in the proof of Theorem 2.1 shows that
Now, fix a positive β <
Consider an arbitrary marked walk ω in S (j)
N . Let E 1 be the set of edges of ω that are not in HH(ω). Let E 2 be the set of edges in HH(ω) after each edge is translated in the −x 1 direction by a distance equal to the number of marks on that edge:
Let f (ω) be the shortest SAW starting at the origin that contains all edges of E 1 ∪ E 2 and all of whose remaining edges are parallel to ±u (1) . Observe that f (ω) is obtained by adding at most 2j edges to E 1 ∪ E 2 . It is not hard to see that the function f :
n=N S N is one-to-one, so by Equation (31)
From this and Equation (30), and our choice of ǫ, we obtain
Combining this with Equation (29) proves that F W + (β) ≤ log(µ d + ǫ). Since ǫ can be made arbitrarily small, and since F W + (β) ≥ F W + (0) = log µ d , we are done.
Self-Avoiding Walks at a Penetrable Boundary
Proof of Theorem 2.5: First observe that if ω ∈ S B N , then ω(1) = (0, . . . , 0, 1) and
It is known that the series 
For every N > 1, let
By the assumption (16) , |D N |/b N ≥ N −δ for sufficiently large N . Therefore by (32),
Fix β > 0. Fix a positive integer n such that β 2 log 2 n > log(4n 4+δ ) and the inequality of (33) holds. For integers j and m let D n,j,m := {ω ∈ D n : |{i : ω 1 (i) = j}| ≥ log 2 n, ω 1 (n) = m} . 
For two SAWs ω = (ω(0), . . . , ω(N )) and ψ = (ψ(0), . . . , ψ(M )), we define the concatenation ω ⊕ ψ to be the (N + M )-step walk θ defined by θ(i) = ω(i) for i = 0, . . . , N , and θ(N + j) = ω(N ) + ψ(j) − ψ(0) for j = 1, . . . , M .
In general, θ need not be self-avoiding. However, if ω and ψ are both bridges, then θ is self-avoiding-indeed, θ is a bridge. Thus ⊕ defines a one-to-one map from S Suppose now that ω ∈ D n,J,M and ψ ∈ D n,−J,−M , and let θ = ω ⊕ ψ. Then θ is a (2n)-step bridge such that θ 1 (2n) = 0 and |{i : θ 1 (i) = J}| ≥ log 2 n (the inequality is due only to sites in the first half of θ). We shall use these observations in the construction that follows.
For any positive integer k, let ω [1] , . . . , ω [k] be bridges in D n,J,M and let ψ [1] , . . . , ψ [k] be bridges in D n,−J,−M . Consider the bridge π obtained by repeated concatenation of these bridges:
Then |{i : π 1 (i) = J}| ≥ k log 2 n. Next, let ξ be the (J + 1)-step bridge with ξ(0) = 0 and ξ(J+1) = (−J, 0, . . . , 0, 1). For ζ := ξ ⊕ π, we have ζ ∈ S Using this and Equation (34), we see that ≥ βk log 2 n − 2k log(4n 4+δ ) + 2kn log µ d J + 1 + 2kn .
Now let k → ∞, and we obtain
where the strict inequality follows from our choice of n. This proves the result.
